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INTRODUCTION
On epistemological and historical bases, mathematics is divided into fields, sub fields and even more specific divisions. It is therefore normal that didactic studies somehow reproduce this categorization accurately. But learning mathematics also includes a temporal and structural appreciation of differentiation that has to be taken into account. By this I mean that beyond a certain level, the acquisition of new knowledge in mathematics is more likely to depend on a lot of previous attainments in connected fields. This parameter cannot be forgotten and might be strongly determining in some cases. There is, of course, a linear aspect in the process of learning, which means that one needs to know certain concepts of (say) lower level to reach new concepts of higher level. Yet the constructivist approach to learning and teaching has shown how a new acquisition is also the result of breaks and hops in the presumed linearity of learning (see e.g., Piaget, 1975; Freudenthal, 1978; Douady, 1986 or Pirie and Kieren, 1989) . In this paper, I would like to bring out a specific aspect of the learning process, which I encountered in my research on linear algebra. It seems to me, today, that what I observed and analyzed for elementary concepts in vector space theory can be applied to a wider range of concepts, which I shall designate, after A. Robert and J. Robinet (Robert, 1987) , "unifying and generalizing concepts" ("concepts unificateurs et generalisateurs"). 
Educational Studies in Mathematics

UNIFYING AND GENERALIZING CONCEPTS
In this section I would like to explain what I shall call a unifying and generalizing concept. As this point is fundamental for my purpose, I will give three examples, two with extensive description, from which I shall draw out general characteristics.
First example
In a historical analysis of the genesis of the theory of vector space (Dorier, 1 990a or 1995), I pointed out the specificity of the last phase of this genesis. This final step has its roots in the late nineteenth century, but only really started after 1920. It corresponds to the axiomatization of linear algebra, that is to say the reconstruction, with the concepts and tools of a new axiomatic central theory, of what used to be operative, but not explicitly theorized or unified, methods for solving linear problems. It is important to realize that axiomatization did not, in itself, allow mathematicians to solve new problems, but it gave them a more universal approach and language to be used in many varied contexts (functional analysis, quadratic forms, arithmetic, geometry ...). In fact, the theory of determinants, which was very prosperous in the first half of the nineteenth century, is sufficient to solve all linear problems of finite dimension. Moreover, at the end of the nineteenth century, following Hilbert, mathematicians developed an extended theory of infinite determinants for problems in countably infinite dimension, which was still used in the first quarter of the twentieth century. Indeed, the axiomatic approach, although initiated in 1888 by Peano, became really effective only after Banach's work in functional analysis (for spaces of non-countable infinite dimension) around 1920. Finally the popularity and generalized use, even in finite dimensional problems, of axiomatic vector space theory took over gradually in the thirties, after the publication of books such as van Der Waerden's "Moderne Algebra" or Schreier and Spemer's "Einfuhrung in die Algebra und Analytische Geometrie". Thus the axiomatic approach then was not an absolute necessity at that time, except for problems in non-countably infinite dimension, but it became a universal way of thinking and organizing linear algebra. Therefore, it can be suggested that the success of axiomatization did not come from the possibility of reaching a solution to unsolved mathematical problems, but from its power of generalization and unification and, consequently, simplification in the search for methods for solving problems in mathematics. As a consequence, this approach marked a new level in abstraction, the concept of vector space being an abstraction of already abstract objects like geometrical vectors, n-tuples, polynomials, series or functions.
Second example
Another field with similar characteristics is the theory of groups. Indeed, mathematicians were familiar with an implicit notion of group in the early nineteenth century (if not before), and since then many results have been produced, which now belong to the field of group theory, clarifying step by step the concept of group itself, but without using the axiomatic definition, as it is known today. Galois, for instance, did not use an axiomatic approach to build his famous theory of algebraic equations in 1832; nor did Jordan, in 1870, although they both discovered most of the important results concerning the theory of finite groups. The first axiomatization of group theory appeared only around the turn of the century, with Dedekind, Weber, Steinitz, etc. The main results known for groups of substitutions and transformations were then integrated into a formal theory, which constituted a new level in the process of abstraction. The main advantage of this was to unify different methods which were already effective in their own primitive form and to create generalized objects and tools which could be adapted to other branches of mathematics (geometry and arithmetic, for instance).
Third example
Many concepts which now form the fundations of modern analysis also have similar characteristics. For instance, the concept of limit, in its modern form, is now a universal concept for most of the problems using mathematical analysis. Nevertheless, less formalized tools were used to solve most of the problems, while the "E-6-definition" was conceived for solving more sophisticated problems and for unifying all of them (see Cornu, 1982 or Robinet, 1984 .
General epistemological characteristics
From these three examples, the choice of terminology should become clear: unifying and generalizing concepts unify and generalize different methods, tools and objects, which existed previously in a variety of settings. This type of concept is then a formal concept which unifies the various objects of which it has been abstracted. It has not necessarily been created to solve new problems, but to make the solution of many problems easier or more similar to each other. Moreover these concepts represent a change of perspective which induces a sophisticated change of level in mental operations. Indeed, one can distinguish two stages in the construction of a unifying and generalizing concept (which may correspond to two mental processes in learning): -recognition of similarities between objects, tools and methods brings the unifying and generalizing concept to life. -making the unifying and generalizing concept explicit as an object induces a reorganization of old competences and elements of knowledge. 2.0.5. Didactic consequences As a consequence, one of the most noticeable difficulties encountered in the teaching of unifying and generalizing concepts is the role of preexisting, related elements of knowledge or competences of lower level. Indeed, these need to be integrated in a process of abstraction, which means that they have to be criticized and common characteristics brought out, which should be generalized and unified; at the same time, inner specificities have to be dropped and become obsolete or inaccurate in the new view. This process demands not only good understanding of the objects to be abstracted, but it also requires the ability to identify their common characteristics which will define their formal (abstracted) representation. This process inevitably requires a step aside, in order to look at the previous knowledge from a new angle. For instance, if beginners are asked to prove that the subset of polynomials being 0 at 0 is a subspace, very often they will use the developed form of the polynomials on the base 1, X, X2, ... instead of just writing (aP + bQ)(0) = aP(0) + bQ(0) = 0. Another example concerns the study of the convergence of the series such as: Un+2 = un+1 + ur, known as Fibonacci series. I gave this problem to my first year university honors students in mathematics. Without further information, they all tried to see if a series with two undetermined first terms converges. Most could show that any Fibonacci series tends to infinity as soon as two consecutive elements have the same sign. On the other hand they were convinced that every series will eventually have either two positive or negative consecutive elements, although they had no idea how to prove this. In fact, only a change of point of view can lead to the conjecture that in some Fibonacci series two consecutive elements always have alternating signs. To see this, one has to consider not one generic Fibonacci series but the set E of all Fibonacci series. This change of point of view can be designated as the change from an analytical to an algebraic point of view. The algebraic point of view induces the search for a structure and for particular elements (generators) in E. In the case of Fibonacci series, it is quite easy to see that E is a vector space of dimension 2. The search for generators leads quite naturally to the discovery that E contains all the geometric series of ratio (1 -/5)12 or (1 + <5)12. The two geometric series with 1 as first element are linearly independent and then constitute a basis of E. So every element of E is the sum of two geometric series, one of ratio (1 -<5)12, the other of ratio (1 + <5)12. Using elementary results on the convergence of series, one can then deduce that E contains only series whose limit is infinity except for the geometric series of ratio (1 -V5)/2 which converge to 0, with alternate signs. This change to an algebraic point of view is not natural for students who have difficulties in interpreting complex objects such as series, as plain elements of a set. Here is an another illustration of this fact, still concerning Fibonacci series. Let us call (an) and (bn) the Fibonacci series whose two first terms are respectively 1, 0 and 0, 1. From the equation valid for every n: un = uo an + ulbn, most of the students concluded correctly that E is a 2 dimensional vector space. But when they were asked to exhibit a basis, many answered (uo,ul). The fact that, in their answer, the elements of the basis are real numbers, while the set is a set of series, does not appear to be an obvious contradiction to them. I think that this example shows that even well known objects such as series (in France elementary results on series are taught two years before the beginning of linear algebra) cannot be used in the setting of the theory of vector spaces without a fairly radical change of status, and it seems important to emphasize here the fact that a necessary condition for this, although it is not sufficient, is an explicit change of point of view.
THEORETICAL FRAMEWORK
When newly taught mathematical concepts are connected to previous elements of knowledge (not all of them being necessarily clearly identifiable), the transfer of competences from the lower levels to the new level of knowledge is complex and certainly not as linear and direct as might be presumed. Robert (1982 Robert ( , 1985 has pointed out some interesting aspects of this complexity with respect to the concept of convergence of numerical series in relation to the previous competences of the students in basic analysis. I identified similar phenomena concerning elementary concepts of vector space theory in relation to previous competences in basic mathematical logic and in elementary algebra (Dorier, 1990a (Dorier, , b or 1991 . In short, our conclusions tend to show that a minimum of competence in nearly all relevant previous knowledge is much more likely to lead to a good transfer of competences from the lower to the higher level, than elaborate competences in only some of the previous knowledge with gaps in others. The new, more complex context seems to make all previous knowledge and competences interdependent, so that if some links are missing in the chain, none are really summonable and all fail to operate at the new level. Although still somewhat simplistic, this description of one possible process of learning points out the non-linearity of learning and the necessity of stages, as well as thresholds of minimum competence in the evolution of students' knowledge towards the acquisition of new concepts. The specificities of unifying and generalizing concepts induce another difficulty in their didactic analysis. Indeed, if one refers to Brousseau's "theorie des situations" (Brousseau, 1986 ) or Douady's "dialectique outil-objet" (Douady, 1984) , one would be inclined to find a "fundamental situation" to introduce a concept to be taught. That is to say, in short, a problem that students could start solving, up to a certain point, where the concept to be taught would appear as the right and unique tool to finish the solution. In this way, the concept would be taught in a process of problem solving, as the right tool to answer a question. A last phase of institutionalization1 has to consecrate this concept as an object of knowledge, before it can be used again as a tool for solving other problems. In addition, the concept of fundamental situation is a tool to support reflection on the epistemology of concepts; in this sense, it helps the researcher in Didactique to categorize the various types of problems in which a concept is used. In the present case unifying and generalizing concepts were created on the basis of similarities between various mathematical objects, not mainly for the purpose of solving new problems, but in the idea of strengthening the cohesion of mathematics for greater accuracy. Their pertinence is therefore the result of a conscious thinking process on mathematics, its organization and its goals. As they unify and generalize, it seems that unifying and generalizing concepts cannot be accurately introduced by only one situation, for which a great effort of formalization and abstraction would have to be produced. One cannot say that there is no fundamental situation able to introduce any unifying and generalizing concept, but it would seem that the search for one is more difficult than usual, and that it might be necessary to adapt some concepts of Brousseau's theory or to use new possibilities. In other words, I put forward the hypothesis that, to learn unifying and generalizing concepts, there is a price to pay: learning a new formal theory requires a great effort that many students are not prepared to make, if they are not shown, as soon as possible, what they will gain in exchange. The difficulty in finding a fundamental situation comes from the fact that no unique problem seems to be able to provide sufficient compensation on its own. Moreover, the epistemological analysis developed above points out that a reflective analysis on the objects to be unified is an essential component of the process of emergence of unifying and generalizing concepts (see Beth and Piaget, 1961, p. 178). Piaget distinguishes three kinds of abstraction: empirical, pseudo-empirical and reflective. The latter differs from the first because it concerns actions rather than objects and it differs from the second, because it emphasizes the interrelations between actions. Nevertheless as Piaget recognizes himself, the three levels are not fully independent. This reflective analysis is part of mathematical activity, but it involves a "metacognitive" dimension as its goal is to reorganize some mathematical objects and methods into a central theory; and it also requires an introspection. It is a stage which marks a new orientation in the process of construction of knowledge, which involves a new appreciation of previous elements of knowledge and competences, on a different level. I will use the prefix meta to refer to this level. This reference to reflective analysis, and Piaget, leads us to Dubinsky's work (Dubinsky, 1991 (Dubinsky, , 1992 ). Dubinsky applied Piaget's ideas to build a theory which gives tools to produce a "genetic decomposition" of a mathematical concept, that is to say a description of its different aspects and relations to other concepts in terms of schemes. The schemes themselves are described as the result of a construction through productions and coordination of reflective abstractions. A genetic decomposition is a notion that allows interpretation of students' learning in a dynamic way and emphasizes the conceptual aspect of knowledge versus the algorithmic aspect. Dubinsky's theory is a great help towards the further understanding of some phenomena connected to unifying and generalizing concepts. For instance, let us look back at the problem of change of status of functions, series or polynomials, when they appear as elements of a group, a ring or a vector space. In my research on linear algebra, I noted that students needed to be able to deal with functions, series or polynomials as just plain elements of a set and to forget their specificities and complexity, until they eventually have to interpret the answer in terms specific to each object. This change of status, easy to understand for an expert, creates an ambivalence which many students have difficulty coping with, especially as it is rarely explicitly pointed out in the classroom. In Dubinsky's approach similar phenomena are interpreted as the necessity for the learner of creating a conceptual entity attached to the concept of function, series or polynomial (see also Harel and Kaput, 1990; Breidenbach et al., 1992) . This means that a function, a series or a polynomials, previously apprehended by the student as a process has to become a cognitive object for which the mental system needs procedures which can take it as an argument. Dubinsky called the cognitive process that induces this forming of a conceptual entity "encapsulation"; it represents one of the five main types of construction associated with reflective abstraction. More precisely, an encapsulation is the result of the reflection by the subject, on a higher plane of thought, about actions and processes from a lower plane of thought (functions, series and polynomials in our case). In this abstraction process, the subject is able to change point of view, and to reorganize previous knowledge so as to encapsulate the notion of function (or series or polynomial) into an object. Of course, Dubinsky's work goes far beyond the aspect I described here, in my own words. Indeed, he developed an extensive theory of the psychology of learning mathematics at an advanced level. My goal is less ambitious, as I am only concerned with unifying and generalizing concepts. For these concepts at least, it is necessary to introduce a new dimension into the description of reflective abstraction. Indeed, the process of abstraction does not deal with only one type of object; for instance encapsulation of functions, polynomials, series, geometrical vectors, n-tuples ... are necessary but not sufficient, to understand the concept of vector. One has also to reflect on the resemblances in the relations between these different new objects. Moreover, as encapsulation refers to a mental process based on the analysis of the relation between objects, a natural question arises: how can we describe, in terms of mental processes, the relationship between the abstraction of the concept of vector and the encapsulations of varied mathematical objects, which will be seen as vectors. My hypothesis is that the introduction of a meta level is necessary. To be more precise, students have to be "conscious" of certain processes related to encapsulation, so that they can reflect on their own mental processes (the so called meta level), which is a fundamental step towards the acquisition of a unifying and generalizing concept. Of course, this is a very ambitious program, but I will try to show how we can create didactic situations in which students are introduced to this type of questioning and, with reference to Brousseau's theory, how we may solve the difficult problem of "devolution"2. The framework presented in this paper is also connected to Sfard's work (Sfard, 1991) . Sfard considers the dual nature of mathematical conceptions, claiming that a same notion can be seen operationally or structurally. Her analysis of the stages in concept formation led her to the conclusion that "transition from computational operations to abstract objects is a long and inherently difficult process, accomplished in three steps: interiorization, condensation and reification." She puts forward two characteristics of her approach: its "Ccombined ontological-psychological nature and the complementarity" between the operational and structural nature of concepts. Moreover one of her first statements is that "in the process of concept formation, operational conceptions would precede the structural." But she immediately adds that if such a statement is true most of the time, it might not apply in all cases. Because of the difficulty of finding a fundamental situation, I think that unifying and generalizing concepts are among those to be excluded. Sfard's description of concept formation is another proof of this fact. Indeed, for instance, in the process of formation of the concept of vector space, one can distinguish, as Sfard does for other concepts, a pre-conceptual stage. Students can (and do) use linear combinations, without knowing the concept; they also solve linear equations, use bases etc., without knowing anything explicitly about vector space theory. But in Sfard's approach, the pre-conceptual stage is followed by an operational stage, during which new kinds of objects emerge out of familiar processes, which are applied in unusual situations. Concepts of the theory of vector spaces involve the construction of new processes in usual situations which have to be seen from a different point of view by a reflective analysis. In spite of this inadequacy in the initial conditions of the two approaches, I will quote one sentence from Sfard's text which appears to be very relevant for the present work. "Reification is defined as an ontological shift -a sudden ability to see something familiar in a totally new light. Thus, whereas interiorization and condensation are gradual, quantitative rather than qualitative changes, reification is an instantaneous quantum leap (...)." In the case of unifying and generalizing concepts, the reification appears to be a fundamental step in the process of mental construction. Therefore, the main difficulty is to make this instantaneous quantum leap possible. Of course, this implies that students have reached a certain (quantitative) step in the acquisition of previous elements of knowledge and competences (see introduction to this paragraph). But the last phase must take into account a meta dimension, in which students will be able to reflect on familiar situations in a totally new light. In other words the explicit introduction of a meta level will act as a catalyst for the necessary qualitative changes. Thompson's work (1985) is also, in many ways, related to the content of this paper. His main concern is to develop "constructivist mathematics curriculum such that students develop operative structures of thought in relation to the domain of problems constituting the subject matter of the curriculum." He also refers to Piaget's reflective abstraction. Moreover, his work deals with a long term teaching sequence. I will insist at the end of this paper on the didactical specificities of such research, especially concerning the difficult problem of evaluation. In the conclusion of his work, Thompson complains about the resistance he met from many students he worked with. He says: "many students never stopped being "answer" oriented, and they became extremely frustrated. If getting right answers was not the name of the game, then they did not know what the game was. They did not understand that "the answer" was most typically a method or a generalization of a method, and not a number." This point is very important in the teaching of unifying and generalizing concepts. I will show how I tried to change students' behavior in this matter, especially by creating the conditions in the teaching sequences, for an effective devolution of the meta questioning to the students. In Dorfler (1991), one also finds a reference to Piaget's reflective abstraction. The author presents a model for generalization in mathematics, which is more specific than Piaget's and also covers a wider range of mathematical concepts. His analysis is mainly epistemological, but he shows why it is also psychologically relevant. In short, generalization is viewed as a process which originates in one type of starting situation associated with a system of actions, which can be material, imagined or symbolic, but always concrete. The abstraction that leads to the generality is made from the recognition of essential invariants of the system of actions performed within the situation. Then these invariants serve as a kind of search-screen for the possibility of "identical" actions. Therefore the generalization is both operative and extensional; its direction and content are determined by the system of actions, and its invariants. Moreover, it is important in this model to point out that the generality does not represent the qualities of things, but the relations between things which have been established, constructed by actions and which only become meaningful through them. Learning unifying and generalizing concepts will of course imply several processes of generalization: this is one of the key points of the didactical question I will raise below. Moreover, Dorfler points out: "For didactical implementation of course the problem of motivation crops up and this is indeed very crucial. How can one get students to carry out (or imagine) actions and to investigate them?". Since this question has not been answered. I will try to clarify its meaning for unifying and generalizing concepts, and attempt to provide an answer in terms of conditions for the "devolution of a meta questioning". I agree basically with Dorfler's model, although I will explain why one starting situation is usually not adequate. Moreover, the starting situation must often be preceded by preliminary preparatory activities, which will also play a role in the motivation of students. In the following section, I will try to make my ideas more concrete, by presenting and analyzing a teaching sequence I experimented with students in their first year of a French science university.
AN EXAMPLE: INTRODUCTION TO THE STRUCTURE OF VECTOR SPACE
When I set up this teaching sequence my aim was to find a way of starting the teaching of vector space theory which would be more satisfying than the usual one of stating the axioms. My research work on the problem of teaching linear algebra had led me to set up a preliminary unit on analytical geometry and a few activities on magic squares and Fibonacci series. But I failed to find a fundamental situation. It was at this stage that I started my reflection which led to the idea exposed here. In this sense, I tried to build a teaching sequence which introduces the learner to a condensed form of reflective analysis, which has been proved to be one of the fundamental stages in the genesis of unifying and gen-eralizing concepts. This is the context in which I set up an introductory teaching sequence to the structure of vector spaces (Dorier, 1990a, pp. 470-476/510-542 and 1991). This sequence, built on the basis of an epistemological analysis, creates an artificial context, which motivates the explicitation of the vector space axioms by the students themselves. The students are in their first year of a French science university. The sequence took place at a time when they knew very little about algebraic structures. More precisely, they knew only the axioms of a group and had learned very little theory on this structure.
Presentation
The artificial context used is the study of equations4. Indeed, when one says that for three elements a, b and x of a set E, and an operation T on E: "xTa = b is equivalent to x = bT(a-1)" , one needs to use the three axioms of the structure of group, to justify this statement:
xTa = b iff(xTa)Ta-' = bT(a-') (existence of an inverse element for each a in E) (xTa)Ta-= bT(a-1) iff xT(aTa-1) = bT(a-1)(associativity) xT(aTa-1) = bT(a-') iff xTe = bT(a-1) (existence of a neutral element) xTe = bT(a-1) iff x = bT(a-1) (property of e)
This fact highlights one of the most interesting aspects of the axiomatic approach. Indeed, checking that a set is a group with the use of the axioms is a very easy task, while on the other hand, knowing a certain set is a group allows one to carry out more complex operations (like solving equations) automatically, with simplified mechanisms and rules, and minimum effort of memorization. As an introduction to the experimental sequence on vector space, students are given a five-page document, which illustrates this idea. The point of view is explicitly meta, and the students are warned that the text develops quite an unusual type of argument which is not strictly mathematical; this is an explicit change in the didactic contract. The students have about two weeks to read the paper, which gives them time to read it more than once with different points of view. This being a fairly unusual activity in mathematics, it is also important that students have no constraint of time and can reflect at their own pace. Even though this paper is mainly "a talk" from the teacher, attempting to create better conditions for devolution and to make students more critical, they are also asked to solve mathematical questions connected with the meta ideas developed. Indeed, the meta level cannot exist without referring to a mathematical activity. The underlying hypothesis is that students frequently use certain local metacognitive skills to solve a problem or learn mathematics, but in a very implicit way. Moreover the meta level cannot be initiated just by a teacher's talk.; but if the talk happens when a student is solving a problem, to which the meta level is clearly related, then the conditions for its appropriation are optimum. For instance, in the document given to the students, I wanted to explain the role of mechanisms when solving equations. So as a preamble, I gave a short problem in which students had to solve two equations with geometrical transformations. The two equations looked, a priori, very similar. But in one case, the equation involved only rotations, so one can operate in a group, and solve the equation easily, without much competence in geometry. In the other case, there is a projection (which is not one to one), so that tools specific to the context have to be used. First, students are asked to solve these two problems, without further indications. Then they are led to reflect on the different competences they used to solve the questions, and the reasons for these differences. In this second phase, students have less initiative, as the reflection is guided by the elements developed in the text, by the teacher, but their previous mathematical activity should optimize the impact of the talk. Thus the devolution of the meta questioning depends on the choice of the previous or simultaneous mathematical activity on which it relies. The end of the document concerns additive groups (i.e. abelian groups) and their "natural" structure of Z-module. This last point will serve as mathematical background for the introduction of the structure of vector space5. So, this first phase in the sequence is an introduction to initiate a reflection from the students, on a meta level, about the concept of structure. Actions at the meta level are still under the responsibility of the teacher as students are mainly asked to carry out mathematical tasks in order to make the meta-discourse more meaningful and relevant to their mathematical knowledge. Two global characteristics are fundamental for the role of this part in the teaching sequence: -The choice of a written paper given to the students to be studied for a fortnight is motivated by the fact that it leaves more time to understand this activity which, being quite a new type of task, might require a certain period of adaptation. Students can also go back and forth, and use different levels of reading. -While they are presented with elements of reflection on mathematics, this "philosophical" discourse is directly connected to mathematical questions they have to solve so that each throws new light on the other, in a dialectical process which gives the student a more active appreciation of the meta questioning. It is also important that students can talk together and with a teacher about the issues raised in the text, during the fortnight. In the experiment described here, students had time during tutorial sessions to talk about the paper. Their reactions and questions showed that they were able to understand the meaning of the activity and got to the essential issues I had tried to make them discuss. The actual teaching sequence takes place two weeks later, with the whole class (about 120 students), but it is not a usual lecture, it is more interactive and is inspired by the "technique" of "scientific debate" (Legrand, 1988 (Legrand, , 1991 . The main idea is to introduce a vector space as the kind of additive group in which it is "easy" to solve linear equations. The first step concerns the generalization to the rational field of the external multiplication by intergers defined on groups. Again, it starts with a problem of equation. The teacher introduces the equation: 2 x = x0 in an additive group, which leads to the conclusion that its solving requires that some meaning be given to (1/2) x0, therefore it is decided to analyze the problem of equation solving in additive groups, in which a x has a meaning for any rational number a, (x being an unknown in the group). A fairly straightforward idea is that this generalization must be compatible with the "natural" meaning of external multiplication by integers previously introduced in additive groups. The students are then asked to make explicit the properties they use to solve: At the end of this first phase, the teacher will define a vector space as an additive group in which these properties are true. He will then show that some property, for instance property (4), can be deduced from the others which means that it is automatically satisfied if the others are. Following this remark, the next task is for the students to obtain a set of properties, as small as possible, so that if they are satisfied, all the others are also satisfied. Thus, the students have to find a set of axioms, although no special interest will be given to the problem of minimality. Technically, they have to handle the questions of logic raised in this operation. At the end of the sequence, the students obtain the definition of a vector space over Q which is easy to generalize to one over JR It must be made clear to the students that the main purpose of the sequence is not to give this mathematical result, but to focus on all the argumentation which led to it. The context of equation solving works as a paradigm to illustrate the idea of simplification and generalization included in the concept of structure. Although this paradigm did not, historically, play a dominant part in the explicitation of algebraic structures, it appears to be advantageous in teaching. Indeed, students are much more involved in an active participation than if they only had to listen to a talk from their teacher, trying to convince them of the power of simplification of the concept of algebraic structure. They have to carry out a reflective analysis in the setting of equation solving. In addition, equationsolving being the basis of algebra, as numeration is the basis for arithmetic, it creates an a priori good motive for entering the subject. This sequence, which is based on previously acquired mathematical competences and elements of knowledge, tends to give the student knowledge with meta characteristics on algebraic structures and their raison d'etre. So, previous competences and elements of knowledge about equations are used as a basis to serve a purpose of a completely different nature. The sequence involves a change of point of view on the use of equations. The main task of the sequence induces the analysis of old knowledge (solving equations) from a different angle and for an unusual purpose. The work of the teacher in the sequence itself might seem quite limited. Indeed, as I said above, the fact that the teacher has little to do proves that the devolution of the meta questioning is effective. While most of what the students have to discuss during the sequence is strictly mathematics, the meta level is what makes the experience hold together. Indeed, the meta questioning is the only way to make the mathematical tasks meaningful. Therefore, the success of the sequence will be evaluated through the quality of the mathematics developed by the students, even though the goal is on a meta level. Moreover, the success of the sequence is based more on the quality of the document previously given to the students and the conditions under which it is given, as well as on the quality of the a priori analysis of what can happen with the students, than on what the teacher will say to initiate the reflective analysis. In other words, most of the work has to be done before the actual sequence. The reflective analysis will not be initiated magically, but relies on accurate previous mathematical preparation.
Results
This experimental sequence was taught twice under similar conditions. The lecture and discussion were recorded and two observers were asked to take notes about the general "atmosphere" in the classroom. They used codes to evaluate different elements throughout the sequence such as: how many students are actually involved in the discussion? To what extent do the students who do not talk concentrate? How well does a new idea seem to be received? etc. On both occasions, the whole sequence lasted around three hours (in two sessions, on two consecutive days) and we observed very similar reactions from the students. First, the meta level introduced was well accepted. By this I mean that students did not find that the type of activity proposed was irrelevant and moreover they showed great interest, getting involved quickly and actively. In the framework of the "scientific debate", a good evaluation is provided by the number of students talking and the richness and relevance of the discussion, in other words by the dynamic aspect of the debate. In both experiments, results were very encouraging and the observers noticed good concentration even from students at the back or on the side of the lecture hall. Moreover, on the content, their reactions and their answers show that they are able to follow the idea of building an axiomatic structure on the basis proposed by the sequence. They gave, without difficulty, all the properties implicitly used when solving the linear equations given. The reduction of the set of properties brought about a very lively and rich discussion among students, in which the teacher did not need to interfere, except for writing on the black-board and summarizing in a final phase of institutionalization. This does not mean that the students reached the right point straight away. Indeed, a few false arguments were given by students: using a property implicitly without noticing, or a property already erased, etc. But there was always at least one student who corrected his or her friend with a convincing argument. The fact that the discussion was regulated by the students without any help from the teacher serves as an indicator of the devolution to the students. Moreover, a fairly substantial discussion on the problem of consistency emerged. Indeed one problem of logic, crucial in this activity, was: Suppose property (a) has been put aside (it will not be an axiom, because it was deduced from other properties of the list). Now one knows how to deduce property (b) from the others, but only in a way using property (a). Can property (b) be put aside or should it be kept as an axiom? The answer is: If (b) was used to deduce (a), then property (b) has to be kept on the list of axioms. If not, (and if the properties used to deduce (a) are still on the list of axioms), (b) can be deduced by properties remaining on the list and therefore does not need to be kept as an axiom.
This question of consistency ended up being a major issue of the discussion and was in both cases solved satisfactorily after a fairly long, rich debate among students, without any substantial intervention by the teacher. This is a very interesting result, because very often we hear that one of the main problems inherent in teaching the theory of vector space is that students cannot use logic or the language of set theory. But this experiment shows that they are perfectly capable of debating, among themselves, on very abstract and formalized issues, which involve only logic and the language of set theory. This proves that the problem is not that they cannot use formal and abstract notions, but that students need to know why they have to deal with abstraction and formalization in order to be able to do it correctly. Of course, this is too radical a statement and the results described above only allow a more moderate conclusion. In any case, it seems justified to say that through a certain type of explicit meta questioning, questions of formalization and abstraction can be solved by college level students. This fact is important because formalization is an inevitable component of unifying and generalizing concepts. The reflective analysis initiated in the sequence allows students to anticipate, through the analysis they are led to make, the benefits of the effort of formalization required in the axiomatic approach.
General issues
There are some characteristics of this sequence which are likely to be general conditions for similar sequences about generalizing and unifying concepts: The context used here (solving equations) is familiar to the students. The central question, which motivates the whole sequence, is unusual and its nature is essentially meta. This prompts, right from the start, the necessity for a change of point of view from the students. It is an underlying preoccupation which directs the evolution of the sequence. One of the main problems is to initiate the reflective analysis, without making completely explicit what the students have to experience themselves. As in any didactic situation, there is thus a problem of devolution: the reflective analysis is an explicit part of the knowledge, which the sequence tries to reach, so it has to become a preoccupation of the students, not imposed by didactic means, but through constraining components of the situation itself. In the case of meta knowledge, though, the question is not easy to analyze because it is dependent on the mathematical content of the activity, and especially in its pertinence for the illustration of the characteristics of the reflective analysis. It means that this situation must impose a completely new way of approaching a supposedly well known problem, so that students have to start a new reflection on meta bases, and this has to be explicit in terms of the didactic contract. This has to be visible in the material organization, too. One essential point is that students must have time to think about what they are asked to do and to discuss with their peers. Indeed it seems that, concerning a meta aspect of knowledge, discussion and confrontation with other students' views is even more necessary than usual, as there are fewer rules governing this type of knowledge, so opinions are more likely to be different, at least in their external appearance. Moreover, reflective analysis suffers from difficulty of externalization, of being put into words. It is therefore important that students be given the opportunity and the necessity of explaining their position to a peer; this might be a better motivation and an easier approach, than if they had to communicate to the teacher right away.
Institutionalization
In the phase of institutionalization, it has to be explicit that the goal of this sequence is not the explicitation of the axioms of vector space but the work which leads to it. This phase, which is the conclusion, is important and is mainly under the responsibility of the teacher. He or she has to point out the knowledge acquired during the sequence, to make an object of it, which matches the institution, whose representative he is. Here, the nature of the knowledge to be institutionalized is essentially meta, and it will not be a theorem or a property as it usually is in mathematics. This is why it is even more important to concentrate on this final phase. Usually, a meta aspect in teaching mathematics is seen as secondary and very rarely belongs to official knowledge. To give the reflective analysis the role it deserves in the process of learning, it is necessary to make a special effort in the phase of institutionalization, which will consecrate it as an official means to acquire an essential epistemological aspect of any unifying and generalizing concept. It is thus important to say to the students that the axioms are the result of a search for unification and generalization, while referring to what has been done previously and anticipating what they will have to do next. Indeed, after checking that the axioms are valid for various sets (n-tuples, geometrical vectors, functions, series, polynomials), one can apply general tools and methods identically to all those sets. This essential point in the institutionalization is the starting point of the theory of vector space; indeed, it is then easier to understand what one has to gain in working in the formal and abstract setting of vector space to develop results: the results can be applied straight away in many different situations. To summarize, the institutionalization must try to show in what way the process the students have followed is a condensed version of a general process which makes mathematical activity more efficient.
Long term evaluation
Although the observation of the direct effect of the sequence yielded a fairly positive evaluation, such a sequence cannot be evaluated on its own. When isolated, its effect is expected to be of short duration, even if it is possible to see some positive immediate indications. Thus we encounter the problem of long term experiments (Robert, 1991) and of interaction of different aspects in the teaching of a wide mathematical domain, necessarily spread out over a long time session. Initiating the students to a form of reflective analysis is useful only if followed by activities during which the ability of students to reflect on their mathematical work is exploited to optimize their learning. In other words, this type of introductory sequence is just one part of a more complex set, which inevitably has to be considered as a whole, at some stage in the didactic analysis. Tools of macro-analysis necessary for such a use might be quite different from those usually present in didactic micro-analyses. Moreover, external effects are more important as the ttime span is longer. The signs of stability detected in the experimentations here are valuable results, but it would be useful to be able to evaluate the role of such a sequence in a global approach of the teaching of linear algebra. In this connection, it was observed that students involved in this experiment made fewer mistakes when they had to check that a set is a vector (sub)space or that a function is a linear operator. We also analyzed the results to the question (Dorier, 1990c): If u and v are linear mappings of the vector-space E, is the following statement true or false: v o u = 0 iff Im(u) = Ker(v)? We compared the results of students who had followed a standard teaching with the results of our students. The difference was significant and showed that our students were less disconcerted by the formal aspect of this question than standard students. Nevertheless, we plan a more elaborate long term teaching project along with its evaluation (Rogalski, 1991; Dorier et al., 1993; . Our main concern is to develop a long term program covering the entire curriculum of linear algebra in the first year of university: vector space and subspace, generators, independence, rank, basis, dimension, linear transformation, image, kernel, sum of subspace, direct sum, supplementary subspace. Among other choices, we have introduced a recurrent meta dimension into this teaching. This means explicit discourse from the teacher, to point out some characteristics of the concepts introduced, but also several activities in which the students have to debate on meta issues or have to answer on a meta level in written tests. Indeed, this meta dimension is also present in the evaluation of the students' learning. It has to be the general attitude of the teacher who induces a constant underlying meta questioning about the new possibilities or the gain obtained with the use of linear algebra concepts, tools and methods.
The change of point of view, the theoretical detour, the types of general methods, etc. are issues of meta nature which are regularly discussed with the students. It does not mean that the students spend more time reflecting on actions, which they would never have time to actually carny out. On the contrary, it is an absolute priority for us that any meta discussion or reflection be based on a concrete mathematical context, with a problem of mathematics to be solved. Moreover, as I pointed out above, the choice of the mathematical problem is fundamental with regard to the devolution of meta questioning to the students. In many circumstances, the meta aspect is already present in a mathematical problem and it is just a matter of making it explicit. For instance, in a French university, most of the beginners in linear algebra would have to use their new competences in vector space theory to solve a question on polynomial interpolation (Lagrange, Gregory, Legendre etc.). Usually, the question is one numerical example with a maximum of four conditions. But in this case it is much easier to solve the 4 by 4 system of linear equations, than to use elaborate tools. Indeed, obtaining the interpolation formula (with the use of sophisticated tools) is worthwhile because once the formula is known, one can obtain the polynomials with easy computations, for any set of conditions of a certain type. So one can solve a problem with 15 conditions nearly as easily as one with only 3. Of course, this is far from true if one solves the system of linear equations. Moreover, all the types of interpolation correspond to the same type of method in linear algebra: find the best adapted basis in the vector space of polynomials of degree less than n, i.e. the basis on which the conditions of interpolation give the coordinates of the interpolating polynomials easily. Hence, the unifying and generalizing aspect of linear algebra can be clearly pointed out in the context of (linear) interpolation. But, if this goal is put forward in an activity with the students, the meta level has to be explicit and the mathematical context has to be realistic. It means, among other things, that one cannot just deal with a single interpolation with four conditions, and that the theoretical detour has to be compared explicitly with the direct method. It is necessary that this last issue be discussed by the students as openly as possible on the bases of the mathematical activity. In the context of a written test, I have compared the structure and the results of two kinds of tests about the same problem: one classical and one reformulated version after the first analysis (Dorier, 1992) . The second test involving explicit meta questioning got much better results. In the first version, the students took so much trouble finding the interpolation formula that in the end, when they were asked to give a polynomial satisfying four conditions, they forgot the formula or did not see how to use it and just solved a system of 4 linear equations in 4 unknowns! Moreover, in the second version, they solved an interpolation problem with 8 conditions, but they also answered a question on the advantage of the formula compared with the direct method. Most of them were then able to give very interesting arguments which show that the devolution of the meta questioning is at least partly successful.
CONCLUSION
The long term experiment being carried out by our team has already given very encouraging results. Indeed, locally, the teaching sequences or tests involving an explicit meta level proved to have immediate positive results. This shows not only that university students are able to reflect on the use of the type of mathematics they learn, but also that this seems to help improve their learning. Our main concern now is to evaluate the global effect of the general introduction of a meta level into the teaching of vector space theory. This will require the setting up of comparative evaluation items. This is not easy to do. 
